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Para todos los casos, considerar condiciones de borde periódico.

1. Cadena monoatómica: Considerar una cadena unidimensional monoatómica separados una
distancia a, los átomos interactuan por medio de un potencial semejante a un oscilador
armónico (ver figura 1). Si cada átomo tiene masa m y la constante elástica es k:

(a) Demostrar que la relación de dispersión es:

ω(q) = 2

√
k

m
sin
(q · a

2

)

(b) Graficar ω(q). Analizar la dependencia de ω(q) para pequelos valores de q.

2. Cadena diatómica: Considerar una cadena unidimensional formada por dos tipos de átomos,
cuyas masas son m1 y m2, los cuales se encuentran separados una cierta distancia d (ver
figura 2). Si la intercción interatómica es la de un osiclador armónico con constantes elástica
k.

(a) Definir la celda unidad de repetición y calcular ω(q)

(b) Graficar ω(q). ¿A qué se denomina modos acústicos y modos ópticos?, ¿Los fonones
tienen todos los modos de vibración permitidos?

(c) Para que valores de q, se produce el valor máximo y mı́nimo para los modos acústico y
óptico. Analizar los casos cuando m1 > m2.

(d) Analizar el cociente de las amplitudes de vibración para el caso q = 0. ¿Cómo depende
con las masas atómicas?

(e) Hacer un esquema de los desplazamientos atómicos del modo acústico y óptico para el
caso q ∼= 0.

(f) Analizar ω(q) para el caso m1 = m2, comparar con cadena monoatómica (ejercicio 1).

3. Cadena dimerizada: Semejante a la cadena diatómica, pero m1 = m2, además las distancias
interatómicas son variables, es decir, un átomo está ligado a uno de sus vecinos por una
constante elástica k1, mientras que con el átomo del otro lado está ligado por una constante
elástica k2 (verf figura 3).

(a) Definir la celda unidad de repetición y calcular ω(q).

(b) Graficar ω(q) y analizar el caso cuando q→ 0.

(c) Para que valores de q, se producen los máximos y mı́nimos para los modos acústico y
óptico. Analizar el caso cuando k1 > k2.

(d) Encontrar el ancho prohibido de las frecuencias de los fonones, comparar con el caso de
una cadena diatómica.

(e) Determinar el cociente entre las amplitudes de dispersión de los fonones para cualquier
valor de q, determinar el máximo y mı́nimo dicho cociente. Hacer un esquema de los
desplazamientos atómicos del modo acústico y óptico para el caso q ∼= 0.
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Φμναβ(m−n) are called spring constants or force constants. The resulting many-
variable system of coupled differential equations is seemingly very complex,
however when plausible assumptions are made about the spring constants, it
turns out to be solvable in some cases. The obtained intuitive picture facilitates
the interpretation of the quantum mechanical results.

11.2 Vibrational Spectra of Simple Lattices

By considering the classical crystal as a system built up of Np mass points, the
vibrations of the lattice are determined from the coupled system of equations
(11.1.28) and (11.1.29) in 3Np variables. We shall first deal with some simple
cases where calculations are straightforward. It will be assumed that atoms
are located along a line, making up a chain, and their displacements are also in
the same direction. In the simplest case the chain is made up of a single kind
of atom, and nearest-neighbor distances are all identical in the equilibrium
configuration. This model is called the monatomic linear chain. In a second,
somewhat more complicated situation the chain is made up of two kinds of
atoms of unequal mass, located at alternate positions. A similar treatment is
applied in the case when the chain contains identical atoms and their equi-
librium separations alternate. This system is called a dimerized chain. After
the determination of the vibrational modes in these models we shall turn to
the study of the vibrational spectra of simple cubic lattices, and then to the
general discussion of classical vibrations in three-dimensional lattices.

11.2.1 Vibrations of a Monatomic Linear Chain

Consider a linear chain of lattice constant a with atoms of mass M at the
lattice points. The origin of coordinates is chosen in such a way that the
equilibrium position of the nth atom is na. The displacement un of each
vibrating atom is supposed to be along the chain. The atoms, their equilibrium
positions and displacements at time t are shown in Fig. 11.1.

nn�1

un�1
un�1
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( )b

( )a

Fig. 11.1. Atomic positions in a one-dimensional monatomic chain (a) in equilib-
rium; (b) in vibration at an arbitrary time t. Springs represent the elastic forces
between the atoms; un is the instantaneous displacement of the nth atom from its
equilibrium position

Figura 1: Cadena monoatómica
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mentioned in Chapter 6 it is the consequence of invariance under time reversal.
When interactions are not limited to nearest neighbors, the dispersion curve
still starts linearly, and the group velocity still vanishes at the boundary of
the Brillouin zone.

Up to now it has been assumed that atomic displacements are along the
chain. Such vibrations are called longitudinal. For each q there exists one
such solution. When atomic displacements are perpendicular to the chain, we
speak of transverse vibrations. As there are two perpendicular directions, two
transverse vibrations are associated with each value of q. In a lattice made
up of N atoms 3N vibrational states are therefore possible. However, in a
linear chain this is true only in principle. Displacements perpendicular to the
chain modify the energy to a lesser extent than parallel ones. As mentioned
in connection with (11.1.19), transverse displacements are not opposed by
restoring forces in the harmonic approximation, consequently transverse vi-
brations cannot propagate in the linear chain. This is no longer the case in
two- and three-dimensional crystals. Here transverse vibrations are of finite
frequency, too, provided certain atomic bonds are not in the plane spanned
by the propagation direction and the direction of vibration.

11.2.2 Vibrations of a Diatomic Chain

The vibrational spectrum is more complicated when the primitive cell of the
one-dimensional chain contains two atoms. There are two limits of particular
interest. In the first an atom of mass M1 is located at the lattice point and
another of mass M2 at the midpoint of the cell.

We shall denote the displacement from equilibrium of the atom of mass
M1 (M2) in the nth primitive cell by un (vn). Equilibrium positions and
instantaneous positions at a given time are shown in Fig. 11.4.
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Fig. 11.4. Atomic positions in the primitive cell of a linear chain made up of two
kinds of atom. (a) Equilibrium positions; (b) instantaneous displacements

Assuming that each atom feels the potential arising from its two nearest
neighbors, the system can be characterized by a single force constant K. The
potential energy is

Uharm = 1
2K

∑

n

[un − vn]
2 + 1

2K
∑

n

[vn − un+1]
2. (11.2.16)

Figura 2: Cadena diatómica
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Fig. 11.7. Dispersion relation for the vibrations of a diatomic linear chain in the
M1 = M2 limit, shown in the Brillouin zones of chains with lattice constants a and
a/2

instead of π/a. In this “large” Brillouin zone there are 2N allowed values
for q, each associated with one eigenfrequency – while if the Brillouin zone
that corresponds to a periodicity a is used, the number of allowed qs is N ,
and each of them is associated with two frequencies. In the M1 = M2 limit
the optical vibrations obtained in the diatomic chain correspond to those
acoustic vibrations of a monatomic chain for which the wave number is either
π/a < q < −π/a or π/a < q < 2π/a. Shifting the optical branch by ±2π/a
into these intervals, the dispersion curve of the monatomic chain is recovered.

11.2.3 Vibrations of a Dimerized Chain

In the other limit the two atoms in the primitive cell are of equal mass but
are not uniformly spaced along the chain: the separation between nearest
neighbors alternates regularly between a smaller and a larger value. Such a
configuration – illustrated in Fig. 11.8 – is called a dimerized chain.
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Fig. 11.8. Equilibrium positions and instantaneous displacements of the atoms in
a dimerized chain

Let the equilibrium atomic positions in the nth cell be denoted by na
and na + d, and the displacements from them by un and vn. Depending on
whether neighboring atoms are separated by d or a−d, the pair potential takes
different values. For this reason even when only nearest-neighbor interactions
are taken into account, two force constants have to be introduced. In the

Figura 3: Cadena dimerizada
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OPCIONAL: Red cuadrada monoatómica, considerar una red cuadrada de lado a formada por
átomos de masa M . Si cada átomo interactua con sus primeros vecinos (nn) con un potencial tipo
oscilador armónico de constante elástica k1, y con sus segundos vecinos (nnn) con un potencial
semejante pero de constante elástica k2, ver figura 4.

Si los vectores bases de la red son: a1 = a x̂ y a2 = a ŷ y cualquier vector posición puede ser
descrito como Rnm = n a1 +m a2

Entonces, para cualquier átomo en Rnm, los vectores de sus primeros vecinos (nn) serán:

n1 = a x̂ , n2 = a ŷ , n3 = −a x̂ , n4 = −a ŷ

mientras que los segundos vecinos serán:

p1 = a x̂ + a ŷ ,p2 = −a x̂ + a ŷ ,p3 = −a x̂− a ŷ ,p4 = a x̂− a ŷ

1a

2a

k1k1

k1

k1k2

k2
k2

k2

Figura 4: Red cuadrada monoatómica, la interacción interatómica es tipo oscilador armónico con
constantes k1 y k2 para los primeros y segundos vecinos, respectivamente.

a) A partir de la ecuación vectorial del movimiento

M
∂2

∂t2
u(Rnm, t) = k1

4∑

j=1

{[u(Rnm + nj, t)] · n̂j} n̂j + k2

4∑

j=1

{[u(Rnm + pj, t)] · p̂j} p̂j

y asumiendo que la solución general es semejante a la de una onda:

u(Rnm, t) =

[
ux(Rnm, t)
uy(Rnm, t)

]
=

[
ux(q)
uy(q)

]
eiq·Rnme−i ωt

entonces:

u(Rnm + nj, t) =

[
ux(Rnm + nj, t)
uy(Rnm + nj, t)

]
=

[
ux(q)
uy(q)

]
eiq·(Rnm+nj)e−i ωt = eiq·nju(Rnm, t)
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Demostrar que:

D(q)

[
ux(q)
uy(q)

]
= ω2

[
M 0
0 M

] [
ux(q)
uy(q)

]

donde D(q) se denomina la matriz dinámica:

D(q) =

[
4k1 sin2

(
qxa
2

)
+ 2k2 [1− cos(qxa) cos(qya)] 2k2 sin(qxa) sin(qya)

2k2 sin(qxa) sin(qya) 4k1 sin2
( qya

2

)
+ 2k2 [1− cos(qxa) cos(qya)]

]

b) Para obtener la relación de dispersión ω(q), se debe solucionar la ecuación secular:

det
(
D(q)− ω2MI

)
= 0

de donde se obtienen dos fonones acústicos, longitudinales (LA) y transversales (TA), demostrar
que para el camino Γ−X y qx ≈ 0, se tiene:

ωLA =

√
k1 + k2
M

qxa , ωTA =

√
k2
M
qxa

mientras que para el camino Γ−M y qx ≈ 0, qy ≈ 0, qx = qy = q, se obtiene:

ωLA =

√
k1 + 4k2
M

qa , ωTA =

√
k1
M
qa

donde Γ, X y M son puntos de simetŕıa de la primera zona de Brillouin (FBZ) en el espacio
rećıproco (ver Figura 5a):

Γ : q = (0, 0) , X : q = (q, 0) , M : q = (qx, qy) para qx = qy = q

recordar que: q · a = 2π ⇒ q =
2π

a

c) Graficar ω(q) para el camino Γ − X −M − Γ, suponer que k1 = 200N/m, k2 = 100N/m y
M = 2 × 10−26kg. Se debe obtener algo semejante a la figura 5b. Si bien este es un modelo
simplificado, puede describir los fonones de sistemas tales como el Ne, Ar y Kr. Comparar con
los resultados teóricos y experimentales de Phys. Rev. B 75 (2007) 024101.

d) Con ayuda de un programa en computadora calcular y graficar ω(q) para −π ≤ qx ≤ π y
−π ≤ qy ≤ π, (ver figura 6)
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Figura 5: a) Puntos de simetŕıa en la FBZ, b) Curvas de dispersión de los fonones para el camino
Γ−X −M − Γ.
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ECE 407 – Spring 2009 – Farhan Rana – Cornell University

Transverse (TA) and Longitudinal (LA) Acoustic Phonons
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In general for longitudinal acoustic phonons 
near the zone center:
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And for transverse acoustic phonons near the 
zone center:
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In general, away from the zone center, the LA phonons are not entirely longitudinal 
and neither the TA phonons are entirely transverse

ECE 407 – Spring 2009 – Farhan Rana – Cornell University

Transverse (TA) and Longitudinal (LA) Acoustic Phonons

LA
TA

TA and LA

Figura 6: Representación 3D de la relación de dispersión ω(q) en la FBZ.
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