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A method i s  presented f o r  e s t i m a t i n g  t h e  number o f  bound s t a -  

t e s  o f  d i f f e r e n t  o r b i t a l  angu la r  momentum quantum number f o r  an F-cen- 

t r e  r e s i d i n g  i n  an a l k a l i  h a l i d e  c r y s t a l  through t h e  i n t r o d u c t i o n  o f  a  

s p h e r i c a l l y  symmetric p o t e n t i a l  w e l l  o f  f i n i t e  depth. The method i s  i l- 

l u s t r a t e d  through i t s  a p p l i c a t i o n  t o  the  F- c e n t r e  i n  sodium chlor ide,and 

t h e  r e s u l  t s  f o r  F- cen t res  i n  v a r i o u s  a1 k a l  i h a l  i d e  l a t t i c e s  a r e  t a b u l a -  

ted .  The r e s u l t s  p r o v i d e  a  good account o f  t h e  exper imenta l  f e a t u r e s  o f  

the  F- cen t re  i n c l u d i n g  t h e  K-band which we suggest i s  due t o  t r a n s i -  

t i o n s  f rom the 2p  t o  e x c i t e d  l e v e l s .  Values f o r  t h e  e f f e c t i v e  range o f  

p e n e t r a t i o n  o f  t h e  d e f e c t  e l e c t r o n  w i t h  t h e  ne ighbour ing  c a t i o n  i n  d i f -  

f e r e n t  c r y s t a l s  a r e  determined by r e q u i r i n g  t h a t  t h e  w e l l  dep th  be i n -  

dependent o f  o r b i t a l  angu la r  momentum quantum number. The technique i s  

a p p l i e d  t o  e s t i m a t e  the  Madelung cons tan t  

hos t  c r y s t a l .  

Apresenta-se um método para e s t  

gados de d i f e r e n t e  momento angu la r  o r b i t a l  

nd Madelung p o t e n t i a l  for  t h e  

mar o  número de estados 1 i -  

para um F- cen t ro  r e s i d e n t e  

em um c r i s t a l  de h a l e t o  a l c a l  ino, p e l a  in t rodução de um p o l o  de poten-  

c i a l  e s f e r  icamente s i m é t r i c o  de profundidade i n f i n i t a .  O método é i l u s -  

t r a d o  p e l a  sua a p l  icação ao F- cen t ro  em c l o r e t o  de sód io ,  e  os  r e s u l  t a -  



dos para F- cen t ros  em v á r i a s  redes de h a l e t o s  a l c a l  inos são tabulados.  

Os r e s u l t a d o s  descrevem bem os dados exper imenta is  do F- cen t ro  inc lu in-  

do a  banda K, que suger imos ser dev ida a  t r a n s i ç õ e s  do n í v e l  2 p  a n í -  

ve i s  e x c i t a d o s .  Determinamos v a l o r e s  para o  a lcance e f e t  i vo  de pene t ra-  

Ç ~ O  do e l é t r o n  de d e f e i t o  com o  c a t i o n  v i z i n h o  em d i v e r s o s  c r i s t a i s ,  

impondo que a  profundidade do poço se ja  independente do número q u â n t i -  

co de momento angu la r  o r b i t a l .  A t é c n i c a  é a p l i c a d a  para e s t i m a r  a  

hospe- cons tan te  de Madelung e  o  p o t e n c i a l  de Madelung para o  c r i s t a l  

d e i r o .  

Trapped e l e c t r o n s  

r e s i d e  owing t o  an e l e c t r o n  

g i o n  o f  t h e  spectrum t h a t  i 

impar t  a  c o l o u r  t o  t h e  c r y s t a l  i n w h  

i c  t r a n s i t i o n  i n  t h e  u l t r a v i o l e t - v i s  

s  c h a r a c t e r i s t i c  o f  the  p a r t i c u l a r  d  

i c h  they  

i b l e  r e -  

e f e c t  o r  

" co lour  cen t re" .  I n  t h i s  paper a  quantum mechanical method i s  developed 

t o  determine t h e  e l e c t r o n i c  s t r u c t u r e  o f  an F- cen t re  i n  an a l k a l i  h a l i -  

de c r y s t a l .  The c e n t r a l  hypo thes is  o f  t h i s  procedure i s  t h a t  t h e  F-cen- 

t r e  l i e s  i n  a  s p h e r i c a l l y  symmetric p o t e n t i a l  w e l l ,  w h i l e  i n  f a c t  t h e  

c r y s t a l  l a t t i c e  has c u b i c  symmetry. Using t h e  e x p e r i m e n t a l l y  m e a s u r e d  

t r a n s i t i o n  energy o f  a  g i v e n  F- c e n t r e  and t h e  ground s t a t e  energy o f t h e  

c e n t r e  r e l a t i v e  t o  t h e  conduc t ion  band', one can a s c e r t a i n  t h e  number 

o f  bound s t a t e s  o f  d i f f e r e n t  o r b i t a l  angu la r  momentum q u a n t u m  number 

through t h e  s o l u t i o n  o f  t h e  t ranscenden ta l  equa t ions  summarized below. 

The s i m p l i f y i n g  assumption o f  a  s p h e r i c a l l y  symmetric e f f e c -  

t i v e  p o t e n t i a l  f o r  a  c o l o u r  c e n t r e  may be r a t i o n a l i z e d  i n  severa1 ways. 

F i r s t ,  we observe t h a t  t h e  charge d i s t r i b u t i o n  o f  t h e  a l k a l i  h a l i d e  

c r y s t a l  l a t t i c e  su r round ing  t h e  d e f e c t  cen tce  may be viewed a p p r o x i m a -  

t e l y  as a  s p h e r i c a l  s h e l l  o f  charge sur round ing  t h e  c e n t r e .  The poten- 

t i a 1  f i e l d  o f  a  sphere o f  t o t a l  charge q and r a d i u s  "a" is, i n  mks uni ts ;  

where E i s  t h e  d i e l e c t r i c  cons tan t  o f  t h e  medium. Thus t h e  p o t e n t i a l  o f  

t h e  s p h e r i c a l l y  symmetric charge d i s t r i b u t i o n  i s  cons tan t  w i t h i n  t h e  



shell. Second, in their review article, Gourary and ~ d r i a n ~  point out 

that the potential for a colour centre can be written as the sum of two 

terms; a periodic potential and a spherically symmetric potential. The 

periodic potential is often eliminated by substitutingan effective mass 

for the actual mass of the colour centre, leaving one with the spheri- 

cally symmetric attractive potential and the polarizable cores: From a 

consideration of the radial charge distribution functions,wehave found 

that 80-95% of the electronic charge of the U-centre (normally conside- 

red to be a hydride ion) in an alkal i hal ide lattice is enclosed within 

a sphere of radius equal to the lattice constant4. We shall assume in 

the following that the "a" of equation (1) is equivalent to the nea- 

rest-neighbour distance in the host crystal unless otherwise specified. 

2. METHOD 

We consider the spherically symmetric, three-dimensional squa- 

re-wel l poteritial of depth V, and radius "a" pictured in Figure 1 .  For 

a particle of mass m in this well, schr;dinger1s equation in spherical 

coordinates is 

r -7 

where V(r) = - V, for r a and V(r) = O otherwise. Making the substi tu- 

tions ~(r,8,4)) = R(r)Y(o,$) and ~ ( r )  = R(r)/r, we find for the radial 

part of SchrUdingerls equation that 

Therefore, 

a particle 

the radial motion is similar to the one-d 

ir1 the potential (5) 
imensional motion of 

a(a+i )E V(r) = - v,, +- 
2mr 



Fig. I - A spherically symnetric, three-dimensionalsquare well potential 

o f  Strengtn voa2. 

Accord ing t o  s c h i f f 6 ,  the  second term i n  equa t ion  (6) corresponds t o  an 

a d d i t i o n a l  c e n t r i f u g a l  p o t e n t i a l  energy f o r  a p a r t i c l e  hav ing o r b i  t a l  

angu la r  momentum L = m. 
I n  t h e  ensuing d i s c u s s i o n  o f  these equat ions we s h a l l  employ 

t h e  nomenclature f rom t h e  hydrogen atom s o l u t i o n s .  Thus e n e r g y  l e v e l s  

w i l l  be l a b e l l e d  by an i n t e g e r  n and t h e  angu la r  momentum s t a t e s  w i l l  

be r e f e r r e d  t o  as s-and p - s t a t e s ,  a l though  a l l  energy l e v e l s  appear ing 

here a r e  non-degenerate. 

A.  Zero Angular Momentum 

For t h e  case o f  s - s t a t e s  t h e  s o l u t i o n s  o f  equa t íons  o f  equa- 

t i o n s  ( 4 )  and ( 5 )  which s a t i s f y  t h e  c o n s t r a i n t s  t h a t  R ( r )  i s  f i n i t e  a t  

r=O and t h a t  ~ ( r )  vani  shes as r" have t h e  form 



where 

By equa t ing  the  l o g a r i t h m i c  d e r i v a t i v e  ( ] /R)  g o f  t h e  two s o l u t i o n s  a t  

r=a, one can s o l v e  n u m e r i c a l l y  o r  g r a p h i c a l l y  f o r  t h e  s - s t a t e  energ ies .  

A conveniente procedure i s  t o  d e f i n e  5 = (w) and r) = (Ba) and s o l v e  t h e  

equat ions  

Since 5 and r~ a r e  r e q u i r e d  t o  be p c s l t i v e  by d e f i n i t i o n s ,  t h e  s - s t a t e  

energy l e v e l s  may be found f rom t h e  i n t e r a c t i o n  i n  t h e  f i r s t  quandrant 

o f  t h e  curves g i v e n  by equa t ions  (11) and (121, p r o v i d e d  t h e  w e i  I 

s t r e n g t h  v o a 2  i s  known. Such a  plot:  i s  g i ven  i n  F i g u r e  2. From th is  p l o t  

i t  f o l l o w s  t h a t  t h e r e  a r e  

F i g .  2 - Curves o f  n = - 6 c o t e  and 5' + n2 = 2nv,a2 / E 2 .  



no bound s- s t a t e s  i f  voa2 < (n2h2/8m) 

one bound s - s t a t e  i f  (n2fi2/8m) i voa2 < (9n2h2/8m) 

two bound s - s t a t e  i f  ( 9 ~ ~ ? ~ ~ / 8 r n )  < voa2 Ç (25r2fi2/8m) 

e t c .  

A l t e r n a t i v e l y ,  as f o r  the  case o f  t h e  F- cen t re ,  i f  one knows "a" and 

E _ ,  t h e  energy o f  t h e  nth s- s t a t e ,  F i g u r e  2 may be u t i l i r e d  t o  f i n d  a  

va l ue o f  V ,  and the  number and energ i e s  o f  the bound s  s t a  tes  as  wel l . 

B. A r b i t r a r y  Angular Momentum 

A f t e r  s u b s t i t u t i n g  Y(r ,O,+)  = ~ ( r ) y ( O , + )  i n t o  e q u a t i o n  ( 3 )  , 
one has f o r  t h e  r a d i a l  p a r t  o f  ~ c h r 8 d i n ~ e r ' s  equa t ion  fo r  a  p a r t i c . l e  w i t h  

o r b i t a l  angu la r  momentum R t h a t  

where p = (w) f o r  r<a and p = ( i B r )  f o r  r>a. For t h e  case o f  o r b i t a l  an- 

g u l a r  momentum quantum number 6 1 ,  equa t ing  t h e  l o g a r i t h m i c  d e r i v a t i v e s  

o f  t h e  i n t e r i o r  and e x t e r i o r  s o l u t i o n s  a t  *a and s e t t i n g  5 = (aa)  and 

r, = ( B a ) ,  as b e f o r e ,  leads t o  

Equat ion (14) i s  a  q u a d r a t i c  equa t ion  o f  t h e  form 

and t h e  s o l u t i o n s  o f  i n t e r e s t  t o  i t  a r e  

r , =  ( I  + m ) / 2 s  



Equations (14) and (15) a r e  d i s p l a y e d  i n  F i g u r e  3 .  From t h i s  graph one 

f i n d s  t h a t  t h e r e  a r e  

no bound p - s t a t e s  i f  voa2  < ( ~ ~ x ~ / u r i )  

one bound p - s t a t e  i f  (.rr2E2/h) < v o a 2  á ( 2 ~ ~ 6 ~ / 2 m )  

two bound p - s t a t e  i f  ( 2 1 ~ ~ 7 i ~ / u r i )  < v o a 2  á ( 9 ~ ~ 2 ~  /h) 

e t c .  

s c h i f f 7  r a t i o n a l i z e s  t h e  f a c t  t h a t  t h e  s m a l l e s t  v a l u e  o f  t h e  w e l l  

s t r e n g t h  f o r  which t h e r e  e x i s t s  a  bo;nd s t a t e  i s  g r e a t e r  f o r  R = 1 than  

t h e  cor respond ing  v a l u e  f o r  R = O by  r e f e r r i n g  t o  t h e  term i n  t h e  r a d i a l  

wave equa t ion  d e s c r i b i n g  t h e  c e n t r i f u g a l  p o t e n t i a l  energy. P h y s i c a l l y  

t h i s  suggests t h a t  a  p a r t i c l e  possess ing o r b i t a l  angu la r  momentum r e q u i -  

r e s  a  s t r o n g e r  a t t r a c t i v e  p o t e n t i a l  t o  b i n d  i t  than  a  p a r t i c l e  w i t h  no 

o r b i t a l  angu la r  momentum. I t  t u r n s  o u t  t h a t  t h e  minimum s t r e n g t h  voa2  
r e q u i r e d  t o  b i n d  a  p a r t i c l e  increases m o n o t o n i c a l l y  w i t h  i n c r e a s i n g  R. 



Analogous t o  t h e  case o f  s - s t a t e s ,  one can employ F i g u r e  3 t o  

s o l v e  f o r  t h e  energ ies  o f  t h e  bound p - s t a t e s .  A l t e r n a t i v e l y  if one knows 

!'a1' and t h e  v a l u e  o f  t h e  o p t i c a l  t r a n s i t i o n  AE = E2p - Els, F i g u r e  3 rnay 

be u t i l i z e d  t o  f i n d  a v a l u e  o f  V ,  and t h e  number and energ ies  o f t h e  bound 

p - s t a t e s  as w e l l .  

3. APPLICATION TO THE F-CENTRE IN NaCI 

For the  F -cen t re  i n  NaCl the  v a l u e  o f  t h e  o p t i c a l  t r a n s i  t i o n  

f o r  t h e  c o l o u r  c e n t r e  i s  (8a) 

(The va lue  o f  AF i s  4540 A a t  -253 'C (8b ) )  . There fo re ,  a t  room tempera- 

t u r e  

where 1 a.u. = 27.207 eV. Gourary and A d r i a n l s  point-charge-rnodel c a l c u -  

l a t i o n s  on the  F- cen t re  i n  sodium c h l o r i d e  y i e l d  t h a t  r e l a t i v e  t o  the  

conduct i o n  band ' 

Equations (17) and (18) then  irnply t h a t  

R e ~ r i t i n g e ~ u a t i o n s  (9) and (10) i n a t o i n i c u n i t s  ( h = e = m  = I )  e 
r e s u l  t s  i n  

As rnentioned p r e v i o u s l y ,  "a1I i s  taken as e q u i v a l e n t  t o  t h e  c r y s t a l  para-  

meter ,  so t h a t  f o r  NaCl, a = 5.31 Bohrs. Thus, 



From F i g u r e  2  we then f i n d  EIS on t h e  f i r s t  = - S c o t t  curve,  o r  

where t h e  l a t t e r  v a l u e  i s  ob ta ined  n u m e r i c a l l y  f rom equa t ion  (11) u s i n g  

t h e v a l u e  f o r  r- g i v e n  i n e q u a t i o n  (21) .  F r o m e q u a t i o n s  (12) ,  (21) and 

(22) ,  one o b t a i n s  t h e  w e l l  s t r e n g t h  

so t h a t  

Th is  impl 

one bound 

s t a t e .  

i es ,  accord ing  t o  our  p rev ious  d iscuss ions ,  t h a t  t h e r e  i s  o n l y  

s - s t a t e  f o r  the  F- cen t re  i n  NaCI; t h i s  we s h a l l  cal1 t h e  ground 

P e r t a i n i n g  t o  the  number o f  bound p- s t a t e s ,  we have, i n  atomic 

u n i t s ,  

Then t h e  f i r s t  cu rve  o f  t h e  t ranscendenta l  equat i o n  (24) d i  sp layed i n  F i  - 
gure 3 y i e l d s  

where t h e  l a t t e r  v a l u e  i s  ob ta ined  f rom the  numer ica l  s o l u t i o n  o f  t h e  

t ranscendenta l  express i o n  , i n  equat i o n  (24) u s i n g  equat i o n  (25). T h i s  

g i v e s  a wel l s t r e n g t h  o f  10.3782 accord ing  t o  equat ions (24) - (26) ,  and 

t h e  w e l l  depth i s  



F i g .  4 - Energy level  diagram of the F-centre i n  NaCI 

Here, too,  we see t h a t  t h e r e  i s  o n l y  one bound s t a t e .  We a l s o  

n o t e  t h s t  t h e  v a i u e  o f  V, ob ta ined  f o r  s -  and p - s t a t e s  agree reasonably  

wel I .  Therefore,  we a r e  a b l e  t o  draw t h e  energy l e v e l  diagram f o r  t h e  F- 

- c e n t r e  i n  sodium c h l o r i d e  as shown i n  F i g u r e  4. A q u a l i t a t i v e  represen-  

t a t i o n  o f  the  e l e c t r o n i c  spectrum f o r  t h e  d e f e c t  c e n t r e  based on t h i s  

diagram c o n s i s t s  o f  a  r a t h e r  sharp peak c e n t r e d  a t  4540 A f o r t h e l s  -t 2p 

t r a n s i t i o n ,  a  broad band f rom 3294 A t o  h i g h e r  va lues  f o r  t h e  2p e x c i t a -  

t i o n  i n t o  t h e  conduc t ion  band w i t h  r e l a t i v e l y  low i n t e n s i t y  and a second 

broad, l o w- i n t e n s i t y  band o r i g i n a t i n g  a t  1916 A f o r  t h e  1s - continuum 

t r a n s i t i o n .  Th is  d e s c r i p t i o n  may be compared w i t h  t h e  e x p e r i m e n t a l l y  ob- 

served spectrum shown i n  r e f e r e n c e  (9b) ; the  agreement between t h e  two 

i s  apparent .  

4. APPLICATION TO OTHER ALKALI HALIDE CRYSTALS 

The method developed and i l l u s t r a t e d  above has been a p p l i e d  t o  

t h e  F- cen t re  r e s i d i n g  i n  a11 t h e  a l k a l i  h a l i d e  l a t t i c e s  f o r  which a 

g round- s ta te  energy o f  the  bound e l e c t r o n  has been c a l c u l a t e d  by Gourary 

and ~ d r i a n ' ' .  The r e s u l t s  a r e  l i s t e d  i n  Table 1 .  The w e l l  w i d t h  "a" em- 

p loyed i n  each case i s  t h e  nearest- neighbour  d i s t a n c e .  E has been c a l -  

c u l a t e d ,  as be fo re ,  f rom t h e  equa t ion  
2~ 



where t h e  second term i n  t h e  sum i s  an exper imenta l  q u a n t i t y  w h i l e  t h e  

f i r s t  term i!: c a l c u l a t e d  v i a  t h e  po in t- charge  model. I t  would have been 

p r e f e r a b l e  t o  employ exper imenta l  va lues  f o r  EIS, o f  course,  had they  

been a v a i l a b l e .  

Table I. Results o f  Ca lcu la t ions  on the  P-centre i n  Various A l k a l i  H a l i d e  L a t t i c e s  

L a t t i c e  

-- . - 

L i F  

Na F 

LiC1 

NaCI 

KC I 

RbBr 

Wel i XP (A) 
Width 
a (au) (i) (1) 

>- 

V , fo r  V , f o r  n o . o f  n o . a f  

a-states p- sta tes  bound bound E2e E3p 

(a") (au) e -s ta tes  p- s ta tes  (a") (a") 
--=--- - 

0.5041 0.5318 1 I - - 
0.4326 0.4624 1 I - - 
0.3867 0.4029 1 1 - - 
0.3518 0.3681 1 i - - 
0.3124 0.3257 1 I - - 
0.2845 0.3008 2 1 -0.0050 - 

(1) Gouracy. B.S. and Adrian, F.J., SoZid State Phys., 10, 127 (1960); p.214; 

(2) Ibid, pp. 135-136 

(3) = + xls 

From Table 1 i t  i s  obv ious t h a t ,  w i t h  t h e  e x c e p t i o n  o f  t h e  F- 

- c e n t r e  i n  RbBr, which has a  bound 2s s t a t e ,  t h e  r e s u l t s  a r e  q u a l i t a t i -  

v e l y  t h e  same as f o r  NaCI. An energy leve1 diagram f o r  t h e  F- c e n t r e  i n  

RbBr i s  shown i n  F i g u r e  5.  A  q u a l i t a t i v e  d e s c r i p t i o n  o f  t h e  e l e c t r o n i c  

spectrum o f  the F -cen t re  i n  RbBr expected on t h e  b a s i s  o f  t h i s  diagram 

c o n s i s t s  o f  a narrow, in tense  peak a t  6940 A f o r  t h e  1s -+ 2p  e x c i t a t i o n ,  

a  broad, l e s s- i n t e n s e  band s t a r t i n g  a t  3392 A f o r  

t i o n  and spreading over  t h e  2p --t cont  inuum t r a n s  

3271 A, a  band f o r  t h e  I s  -+ cont inuum f rom 2 2 2 2  

though c e r t a i n l y  broad and weak, band f rom t h e  2p 

A. 

An a d d i t i o n a l  band, known as t h e  K-band, 

he 2p 4 2s e x c i t a -  

t i o n  which s t a r t s  a t  

A p l u s  a  p o s s i b l e ,  

+ continuum a t  91120 

has been observed on 

t h e  h igh-energy s i d e  o f  t h e  main F-band i n  t h e  h i g h - r e s o l u t i o n  absorp-  

t i o n  spec t ra  o f  co loured  potass ium and r i b i d i u m  c h l o r i d e ,  bromide and 

i o d i d e  s a l  t s " -15 .  Examples o f  t h e  K-band i n  RbCI a t  two d i f f e r e n t  tem- 

pera tu res  a r e  shown i n  t h e  work o f  Sp ino lo  and s m i t h g .  Even a t  low tem- 



F i g .  5 - Energy leve1 diagram of the  F- centre  i n  RbBr 

pera tu res ,  no reso lved  K-bands have been observed i n  t h e  l i t h i u m  o r  so- 

dium s a l t s ,  a l though  i n  NaCI t h e  exper imenta l  F-band has a  long,  h i g h -  

energy t a i l  which may be due t o  t h e  presence o f  an unresolved K-band. 

Mot t  and Gurney have suggested t h a t  t h e  a d d i t i o n a l  band i s  due t o  t h e  

e l e c t r o n i c  t r a n s i t i o n  o f  t h e  F- cen t re  t o  h i g h l y  e x c i t e d  s t a t e s I 6 .  They 

employed a  hydrogenic  model f o r  t h e  F- c e n t r e  and ass igned t h e  K-band t o  

t h e  sum o f  1s -t n p ,  n > 3 ,  t r a n s i t i o n s .  There has been some d i s p u t e  

over  t h i s  i n t e r p r e t a t i o n  a l though  i t  seems t o  be c l e a r l y  e s t a b l  i s h e d  

now t h a t  t h e  K-band a b s o r p t i o n  i s  a t  l e a t  p a r t l y  due t o  t r a n s i t i o n s  w i -  

t h i n  t h e  F- cen t re 3.  On t h e  b a s i s  o f  o u r  c a l c u l a t i o n s ,  however, i t  would 

seem t h a t  t h e  K-band i s  ins tead  due t o  t r a n s i t i o n  o f  2 p  e l e c t r o n s  t o t h e  

conduc t ion  band as w e l l  as 1s and 2 p  e l e c t r o n s  t o  h i g h e r  e x c i t e d  s tates,  

e s p e c i a l l y  2p  -t Zs, t h a t  e x i s t  i n  t h e  c r y s t a l .  

Table 2 .  Var ia t ion  of  Well Width a f o r  the P-centre i n  NaCI 

p s t a t e  íau) 

I .  Value of a q u a l  to the crysta l  parameter i n  NaCI 

2 .  Value of  a for which EZs = 0.0000 au 



Fig. 6 - AV, = Vo(s-states) - V,(p-states) as a function of the well 

width a for the F-centre in NaCI. 

5. F-CENTRE PROPERTIES AS A FUNCTION OF THE WELL 
STRENGTH 

C a l c u l a t i o n s  have been c a r r i e d  o u t  on t h e  F- c e n t r e  i n  NaCI 

determine t h e e f f e c t  o f  t h e w e l l  w i d t h  " a " o n  t h e w e l l  s t r e n g t h  voa2,  

and consequent ly ,  on t h e  number o f  bound s t a t e s .  The r e s u l t s  a r e  r e p o r-  

ted  i n  Table 2.  I t  i s  i n t e r e s t i n a  t o  observe t h e  change i n  t h e  d i f f e -  

rence V. o f  t h e  p o t e n t i a l  f o r  s-  and p- s t a t e s .  Th is  q u a n t i t y  i s  d e f i n e d  

as 

AV, V, ( s- s ta te )  - V, (p- s ta te )  

and i s  p l o t t e d  as a  f u n c t i o n  o f  t h e  w e l l  w i d t h  "a" i n  F i g u r e  6.  The 

s p h e r i c a l l y  symmetric square-wel l  p o t e n t i a l  d e f i n e d  i n  F i g u r e  1 i s  i n -  

dependent o f  t h e  v a l u e  o f  t h e  o r b i t a l  angu la r  momentum quantum number; 

thus t h e  v a l u e  o f  V, should be e x a c t l y  t h e  same f o r  s-  and p -  s t a t e s .  

A l though t h i s  i s  approx imate ly  t r u e  f o r  a11 t h e  F- centres t r e a t e d  i n T a -  

b l e  1, where t h e  v a l u e  o f  "a" equal t o  t h e  c r y s t a l  parameter o f  the hos t  



Table 3 .  Ca lcu la t ions  on the F- centre Ernploying a Value of  the Well Width a Equal t o  the Surn o f  the 

Nearest-Neighlaur Distance Plus. the Radius of  the Neighbouring Cation. 

L a t t i c e  

-- 
L i F  

Na F 

L iCI  

NaCI 

KC I 

RbBr 

Well Width "Joa2 f o r ,  v,a2for V, f o r  

(1) a i s  equal t o  the sum o f  the nearest-neighbour d is tance  given i n  Table I p lus  the i o n i c  radius 

o f  the neigbour ing c a t i o n  l i s t e d  i n  Table 9, p.129 o f  K i t t e l ,  C . ,  Introduction t o  SoZid State 

t'hysics, 4 t h  ed., John Wiley, N.Y. ,  c 1971. The values o f  EIS and EZp employed i n  these calcu-  

l a t i o n s  are those appearing i n  Table I. 

l a t t i c e  was ernployed, i t  can be seen f rom F i g u r e  4 t h a t  i n  NaCI, AVo=O 

f o r  a = 5.76 a.u. as cornpared t o  the  c r y s t a l  parameter o f  5.31 a.u. f o r  

t h e  sodiurn c h i o r i d e  c r y s t a l .  

By a s s i g n i n g  t h e  w e l l  w i d t h  va lues  equal t o  t h e  surn o f  t h e  

nearest- neighbaur  d i s t a n c e  p l u s  t h e  i o n i c  r a d i u s  o f  t h e  ne ighbour ing  

c a t i o n  one a l l o w s  t h e  de fec t  e l e c t r o n  t o  exchange w i t h  t h e  e l e c t r o n s  o f  

the  su r round ing  nearest- neighbour  c a t i o n s .  The r e s u l t s  o f  these c a l c u-  

l a t i o n s  a r e  presented i n  Table 3 .  Increased va lues  o f  "a" inc rease  t h e  

w e l l  s t r e n g t h ,  and frorn the  t a b l e ,  we see t h a t  t h i s  t r e a t m e n t r e s u l t s  i n  

one a d d i t i o n a l  bound s - s t a t e  f o r  each c r y s t a l  except  RbBr. 

6. SELF CONSISTENT SQUARE WELL POTEMTIAL (SCSWP) 

To f o r c e  our  model t o  be mathemat ica l l y  c o n s i s t e n t ,  we can 

r e q u i r e  t h a t  t h e  w e l l  depth be independent o f  t h e  o r b i t a l  angu la r  m n -  

tum quantum number. The r e s u l t s  o f  r e q u i r i n g  AVo = O through t h e  v a r i a -  

t i o n  o f  t h e  w e l l  w i d t h  pararneter f o r  t h e  c r y s t a l s  a r e  l i s t e d  i n  Table 4. 

As a consequence o f  t h i s  v a r i a t i o n  we a r r i v e  a t  one a d d i t i o n a l  bound s -  

- s t a t e  f o r  NaCI and KCI. A lso,  by f o r c i n g  t h i s  s e l f - c o n s i s t e n c y  on t h e  

rnodel, we o b t a i n  a  d i f f e r e n t  w e l l  w i d t h  v a l u e  which may have p h y s i c a l  

s i g n i f i c a n c e .  We d e f i n e  t h e  " e f f e c t i v e  p e n e t r a t i o n  range" as t h e  d i f f e -  

rence o f  t h e  we11 w i d t h  f o r  which AV, = O and t h e  neares t -ne ighbourd is -  



Table 4. Ca lcu la t i on  o f  the E f f ec t i ve  Penet ra t ion Range f o r  the F- cent re  i n  A l k a l i  Ha l ide L a t t i c e s  f o r  a  s e l f -  

-cons is tent  square wel l po ten t i a l  

L a t t i c e  Well Wid1.h E f f ec t i ve  voa2 f o r  v o d  f o r  I, f o r  1 a  a  ( 1  i r  s-s ta tes  p t a t e s  i s-s ta tes 

L iC I  5.20 

NaCI 5.76 

KCI 6.43 0.50 

RbBr 7.32 

V o f o r  n o . o f  n o . o f  1 1 u n d  1 bound 1 1 p- s ta tes  s- sta tes p- s ta tes  (au) 

( I )  The we l l  w id th  a  has been ca l cu la ted  us ing the SCSWP c r i t e r i o n  t ha t  AV,= V, ( s - s ta ted -  V (p-s ta tes)  = 0. 

The values o f  EIS and EZp l i s t e d  i n  Table 1  were empioyed i n  t he  ca l cu la t i on .  

(2) The e f f e c t i v e  penet ra t ion range i s  the d i f f e rence  o f  the we l l  w id th  a  and the nearest-neighbour d i s t a n c e  

g iven as the r t e l l -w id th  i n  Table 1 .  This d i f ference can be regarded as a  measure o f  the exchange i n te rac -  

t i o "  between the F- cent re  e l ec t ron  and the ou te r - she l l  e iec t rons o f  the neighbouring metal ca t i ons .  

tance f o r  t h e  c r y s t a l .  Th is  e f f e c t i v e  p e n e t r a t i o n  range goes i n  v a l u e  

f rom a minimum o f  0.29 a.u. i n  L i F  t o  0.84 f o r  RbBr. The e f f e c t i v e  pe- 

n e t r a t i o n  range may be viewed as a measure o f  t h e  i n t e r a c t i o n  between 

t h e  d e f e c t  e l e c t r o n  and t h e  e l e c t r o n s  o f  t h e  ne ighbour ing  c a t i o n .  i t  i s  

seen f rom Table 4 t o  have roughl  y  the  same percentage change f rom t h e  

c r y s t a l  parameter i n  each case. 

A p l o t  s i m i l a r  t o  F i g u r e  6 can be employed t o  determine t h e  

w e l l  w i d t h  o f  a  l a t t i c e  f o r  which "a" i s  unknown, p rov ided  t h e  v a l  u e s  

o f  AE and E 

The d e s i r e d  

lues  o f  "a1' 

lung  energy 

0.3372, whi 

where R. i s 

o r  e q u i v a l e n t l y  E and E a r e  known, by use o f  SCSWP. 
S 1 s 2~ 
va lue  o f  "a" i s  then s imp ly  t h a t  f o r  wh ich  AV, = O .  The va-  

and V, so determined enable 0ne t o  f i n d  an e f f e c t i v e  Made- 

f o r  the  c r y s t a l ,  For t h e  exampleof NaCI, a = 5.76 aiid V. = 

e t h e  Madelung energy f o r  NaCI i s ,  i n  a tomic u n i t s ,  

the  c r y s t a l  parameter and ?4 i s  t h e  Madelung cons tan t .  Using 

the  va lues  of "a" and V. c i t e d  above, we f ind an e f f e c t i v e  M a d e l u n g  

cons tan t  aV, o f  1.94. 

I f  t h e  Madelung cons tan t  and nearest- neigbour  d i s t a n c e  a r e  

known, F igures  2 and 3 can be employed t o  e s t i m a t e  va lues f o r  thenumber 



and energ ies  o f  t h e  bound s t a t e s .  For t h e  case o f  t h e  E- cen t re  i n  NaCI, 

we have a w e l l  s t r e n g t h  o f  9.2793, which g i v e s  one bound s - s t a t e a n d o n e  

bound p - s t a t e  w i t h  energ ies  o f  -0.213 a.u. and -0.102 a.u., r e s p e c t i v e -  

l y. The F-band i s  p r e d i c t e d  t o  occur  a t  41 10 A as compared t o  t h e  expe- 

r i m e n t a l  v a l u e  o f  4580 A. For t h e  F- centre i n  RbBr t h i s  approx imat ion  

y i e l d s  a p r e d i c t e d  F-band a t  5640 A as compared t o  t h e  exper imenta l  va- 

l u e  o f  6940 A .  For Rbl t h e  p r e d i c t e d  band i s  a t  6350 A w h i l e  t h e  expe- 

r i m e n t a l  v a l u e  i s  7560 A. I n  t h i s  case, where energy l e v e l s  have notbeen 

c a l c u l a t e d  by Gourary and ~ d r i a n ' ,  we f i n d  E = -0.184 a.u. and B = 
1 s  2~ 

-0.112 a .u .  

7. DISCUSSION 

The r e s u l t s  o f  t h i s  s tudy demons 

t y  o f  t h i s  model. The c o n d i t i o n  t h a t  AV, = 

t r a t e  t h e  r e  

O g i v e s  t h e  

l a t i v e  s i m p l i c i -  

r e q u i r e d  c o n s i s -  

tency o f  t h e  SCSWP model and y i e l d s  q u a l i t a t i v e l y  u s e f u l  r e s u l t s .  I n t h e  

p o t e n t i a l  f u n c t i o n  used here we have e l i m i n a t e d  t h e  asympto t i c  - I/r be- 

hav iour  which means t h a t  we can on l  y  havea f i n  i t e  number o f  bound s ta tes .  By 

making use o f  t h e  exper imenta l  AE v a l u e  we have a good spacing o f  t h e  

f i r s t  two energy l e v e l s  and fu r thermore  have su f f  i c i e n t  add i t i ona l  struc- 

t u r e  i n  t h e  F- cen t re  t o  g i v e  a good account o f  the  exper imenta l  f e a t u -  

res  t h a t  have been observed. I n  t h e  case o f  NaCI we have h i g h -  e n e r g y  

t a i l  on the  P b a n d  w h i l e  i n  KCl and RbBr we have a second bound s - s t a t e  

t h a t  c o u l d  account f o r  t h e  observed K-band. Our i n t e r p r e t a t i o n  o f  F-cen- 

t r e  t r a n s i t i o n s  i s  c o n s i s t e n t  w i t h  t h e  c o n d u c t i v i t y  da ta  as w r l l ,  and 

o u r  sugges t ion  t h a t  the  K-band i s  p r i m a r i l y  due t o  t r a n s i t i o n s  f rom t h e  

2p leve1 t o  e x c i t e d  l e v e l s  i s  c o n s i s t e n t  w i t h  exper imenta l  r e s u l t s .  Ve 

c o u l d  a l s o  have considered d- type  energy l e v e l s  b u t  t h i s  added complica- 

t i o n  was n o t  needed i n  o r d e r  t o  g i v e  an adequate d e s c r i p t i o n  o f  t h e  da- 

t a .  A number o f  c o n s i d e r a b l y  more-complicated models have been a p p l i e d  

t o  t h i s  problem, a l t h o u g h  they  do n o t  c a p i t a l i z e  on t h e  a v a i l a b l e  expe- 

r i m e n t a l  da ta9 '17 .  

Since we have suggested t h a t  t h e  K-band may be due p r i m a r i l y  

t o  e x c i t a t i o n  f rom t h e  2p s t a t e ,  a  few words a r e  i n  o r d e r  on t h e  s p l i t -  

t i n g  o f  t h e  2s and 2p energy l e v e l s .  I n  t h e  p o t e n t i a l  used here t h e  



s p l i t t i n g  i!; i n  t h e  o p p o s i t e  d i r e c t i o n  t o  what one might  expect  on t h e  

bas is  o f  a tomic e l e c t r o n i c  s t r u c t u r e .  I f  we t r e a t  t h e  square-wel l  poten- 

t i a 1  as a  p e r t u r b a t i o n  on a coulombic p o t e n t i a l ,  t h e  f i r s t - o r d e r  energy 

c o r r e c t i o n s  g i v e  (E - E  ) as p o s i t i v e  and p r o p o r t i o n a l  t o  t h e  wel l 
2 s  2p  

depth V o .  Thus t h e  square-wel l  model g i v e s  a  2 p  -t 2 s  a b s o r p t i o n  t r a n s i -  

t i o n  w h i l e  i n  the  coulomb model per tu rbed  by many- elect ron e f f e c t s  one 

cons iders  the  2 s  -t 2p  a b s o r p t i o n .  The energy d i f f e r e n c e  p r e d i c t e d  by 

t h e  square-wel l  rnodel i s  c o n s i d e r a b l y  t o o  l a r g e  f o r  a  good f i t  t o  t h e  

K-band. Once t h e  2 p  l e v e l  i s  occupied, t h e  l a t t i c e  w i l l  undergo r e l a x a -  

t i o n ,  thus s h i f t i n g  t h e  energy l e v e l s  t o  h i g h e r  va lues  t h a t  c o u l d  r e a-  

sonably  decrease t h e  p r e d i c t e d  energy d i f f e r e n c e .  However, t h i s  i s  a  

compl icated phenomenon, and i t  i s  a l s o  p o s s i b l e  t h a t  t h e  bound 2 s  l e v e l  

would be rnoved i n t o  t h e  cont inuum. Since t h e  c o l o u r - c e n t r e  p r o p e r t i e s  

a r e  s p e c i f i c  and c h a r a c t e r i s t i c ,  we p r e f e r  t o  v iew t h e  d e f e c t  p a r t i c l e  

as l o c a l i z e d  w i t h i n  t h e  d e f e c t  c a v i t y * .  There fo re ,  we f e e l  t h a t  equa- 

t i o n  ( I )  i s  t h e  predominant component i n  t h e  p o t e n t i a l  and consequent ly  

t h a t  t h e  o r d e r i n g  o f  energy l e v e l s  found here  more a c c u r a t e l y  r e f l e c t s  

t h e  a c t u a l  s i t u a t i o n  i n  t h e  c r y s t a l .  

The d i s c u s s i o n  o f  V. and "a" i n  terms o f  t h e  l a t t i c e  c r y s t a l  

energy has cons iderab le  i n t e r p r e t a t i v e  va lue .  When V. and "a" a r e  de- 

termined v i a  t h e  requi rement  t h a t  AVo = 0,  the  va lues  o f  V ,  i n  Table 4 

a r e  i n  good agreement w i t h  t h e  Madelung c r y s t a l  l a t t i c e  energ ies .  Thus 

t h i s  procedure accounts f o r  the  e l e c t r o s t a t i c  p o t e n t i a l  energy o f  t h e  

l a t t i c e .  When we employ a  v a l u e  o f  ' ka "  equal t o  t h e  l a t t i c e  parameter 

p l u s  t h e  c a t i o n i c  r a d i u s ,  t h e  r e s u l t i n g  V. va lues  (Table 3 )  g i v e  reaso- 

nab le  agreenient w i t h  t h e  Born-Mayer c r y s t a l  energy, which i s  t h e  e l e c -  

t r o s t a t i c  p o t e n t i a l  p l u s  a  c o r r e c t i o n  f o r  e l e c t r o n  r e p u l s i o n  e f f e c t s  

between t h e  neares t  ne ighbours.  

F o r  t h e  "a" v a l u e  ob ta ined  by t h e  AVo = O condi t i o n ,  t h e  

w e l l  w i d t h  f o r  t h e  d e f e c t  e l e c t r o n  extends beyond t h e  c e n t r e  o f  t h e n e a -  

* The 1s s t a t e s  a r e  about 95% l o c a l i z e d .  For those c r y s t a l s  showing a  

K-band t h e  2p s t a t e  i s  a l s o  h i g h l y  l o c a l i z e d  (KCI and ~ b B r ) .  The 2p  

s t a t e  o f  NaCI i s  d i f f u s e .  



res t- ne ighbour  c a t i o n  s i t e .  Whi le  t h i s  model i s  based on the  concept o f  

a  p a r t i c l e  loca ! i zed  i n  t h e  p o t e n t i a l  w e l l ,  t h e  e x t e n t  o f  the  w e l l w i d t h  

suggest a  d e s c r i p t i o n  o f  t h e  F- c e n t r e  d e f e c t  p a r t i c l e  as a  s o l v a t e d  

e l e c t r o n .  

I n  conc lus ion ,  t h i s  s tudy,  f o r  wh ich  a  s i m p l i f i e d  model has 

been a p p l i e d  t o  a system where cons iderab le  q u a n t i t a t i v e  d a t a  a r e  a v a i -  

l a b l e ,  i s  seen t o  be q u a l i t a t i v e l y  c o n s i s t e n t  and a l l o w s  i t s e l f  t o  be 

i n t e r p r e t e d  i n  an i n t u i t i v e l y  appea l ing  manner. S tud ies  o f  the  r e l a x e d  

e x c i  t e d  F  cen te r l *  and p e r t u r b a t i o n  o f  t h e  F band v i a  increased pressu- 

re19  o r  an e l e c t r i c  f i e l d 2 0  a r e  o t h e r  methods used t o  s tudy  t h e  c o l o u r  

cen t res  t h a t  have p rov ided  f u r t h e r  understanding o f  t h e  e l e c t r o n i c  p r o -  

p e r t i e s  o f  the  t rapped e l e c t r o n .  The SCSWP model i s  now be ing  appl ied t o  

the  s tudy o f  more cornpl icated systerns where t h e  d e f e c t  p a r t i c l e  has i n -  

te rna1  s t r u c t u r e  and f o r  systems where t h e  p a r t i c l e  t r a p p i n g  medium i s  

a  non- per iod ic  m a t r i x .  

We a r e  pleased t o  acknowledge s t i m u l a t i n g  d iscuss ions  w i t h  

Pro fessors  J .L.Cala i s ,  Norrnan March and R icardo F e r r e  i r a .  ZSH i s  g r a t e -  

f u l  t o  t h e  American-Scandinavian Foundat ion and t h e  Swedish I n s t i t u t e  

f o r  f i n a n c i a 1  suppor t  and t o  P r o f .  P.O. Lowdin f o r  h i s  warm h o s p i t a l  i t y .  
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